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Let w be a weight function defined on (—1,1) and let p,(w, x) =
vo{w) x™® + - denote the corresponding sequence of orthonormal poly-
nomials, that is, v, (w) > 0 and

1
| 2, 0 v, ) W) it = 8,
-1

Further, let 1 > x,(W) > X5,(w) > -+ > x,,(w) > —1 be the zeros of
(W, x). For a continuous function f on [—1, 1], the Lagrange interpolation
polynomial L,(w, f) is defined to be the unique algebraic polynomial of degree
at most » — 1 coinciding with f at the nodes x,,(w) (k = 1, 2,...,n). The
theory of Lagrange interpolation has a very long history and without going
into details we mention that the mere continuity of f does not guarantee
uniform or even pointwise convergence of L,(w,f) as n — oo. For this
reason it is more practical to consider the convergence of L,(w, f) in weighted
L? spaces, at least when we are interested in convergence of L,(w, f) for
every continuous function f. In order to formulate the problem we are
dealing with more precisely, let us consider the space of continuous functions
on [—1, 1]in two examples. One of them is C with the usual maximum norm
and the other is C,? where the distance between two functions f and g is
defined by

]l/max(l.p)

A(f, oo = [ 1£0) = 8O )

b4

where 0 << p << oo and v is a nonnegative, not almost everywhere vanishing,
integrable function. For p > 1, of course, C,? is a normed space and we can
write d(f, 0)y,5, = | fllv.p, - When v = 1 we simply write C?, || f||, , etc.
Erdds and Turdn [6] have shown that for every fe C the polynomials
L,(w, f) converge to fin C,? and consequently also in C,? with 0 < p < 2.
It follows from this result also that L,(w, f) converges to f in every C,? if
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0 < p < 2 and p?/¢3-P)y-2/2-7 ig integrable. For other values of p, Erdos
and Feldheim [5] and Marcinkiewicz [13] have proved that for the case of the
Tschebisev weight function w-1/2-1/2) where

weA(x) = (1 — (1 +xF (x> —1LB > 1),

L,(w-12-12 f) converges in every C,” with p > 0. On the other hand
Feldheim [9] has proved that there exists a function fe C such that
L,(w/212 £y does not converge to fin Cj a2 . For this reason Erdés
and Turdn raised the question: For a given w to find all the values p = p(w)
for which L,(w, f) converges to fin C,? for every fe C. This problem was
later modified by Freud, who in his book [11] suggested the investigation of
convergence of L,(w, f) in some C,” spaces where v does not necessarily
coincide with w.! Let us remark that Erdés and Feldheim’s and
Marcinkiewicz’s results obviously imply that the Lagrange interpolation taken
at the Tschebisev abscissas converges in every C,?if p > 0 and v is integrable
with some € > 1.

The first general result giving a partial answer to the problem of Erdos
and Turdn was obtained by Askey [1, 2], who, considering the case of the
Jacobi weight functions w'*# for many (but not every) values of « and B,
managed to prove convergence and divergence theorems. In particular, he
proved that L,(w*®), f) converges to fin C, w5 when o, 8 > —1 for every
fecCif

4a+1) 4B+1D
20 +1 ° 2B+F1

0<p<min§

and if

4at+1) 4B+1)

P =M Tl P 28+ 1

then one can find a continuous f such that L,(w®®, f) diverges in Cjw.p -
In [1], Askey also formulated a conjecture concerning Freud’s problem for
w = w8 and v = wad,

The aim of this paper is to prove Askey’s conjecture in a more general
settlement, and with this, to solve almost completely Erdds and Turdn’s
problem for the case of weight functions which are similar, in the sense
described later, to the Jacobi weight functions. The words *“‘almost com-
pletely” mean that for such weight functions w we can find a number
Do = Po(w) such that L. (w, f) converges to f in every C,” if 0 <<p < p,
and there exists a continuous f = f, such that L,(w, f) diverges in C,? if
p > po . We are not able to say anything about the case when p = p, .

1 The case when v(x) = 1 was considered earlier by Turan [16] and Erdos [4].
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Before the main resulits let us introduce some notations and mention some
results which will be needed later. Every constant appearing in the estimates
will be denoted by A4, and they are nonnegative and take different values in
different estimates. We write a,, ~ b, if for every n the ratio a,/b,, is between
two positive constants. The notations a(x) ~ b(x), a,(x) ~ b,(x) have
similar meanings. We say that w is a generalized Jacobi weight and write
w ~ weB) if w(x) ~ w*8)(x), w/w® e C, and the modulus of continuity
w(8) of wiw!=H gatisfies the condition

f " (@(8)/8) db < co.

P, denotes the set of algebraic polynomials with real coefficients of degree
at most n. The Christoffel functions A,(w) corresponding to the weight w are
defined as

M, x) = min 117 [ IT(0) w(e) di, )
E¥n—1 1

II(x)7#0

or—what is the same—

n—1 1
M) = [ T pin )] @
k=0
It is also well known that
1 & B, x)
Wm0, X)) @)

where [,,,(w) are the fundamental polynomials of Lagrange interpolation at
the zeros of p,(w), that is,

_ Pa(W, X)
nlt ) = P’ (W, XWX — Xpen(1)) @
or in another form,
lkn(w, x) = YT”;(I(T};)_ )\"(W, xkn(w)) pn—l(wa xkn(“")) _Y_% . (5)
By the Gauss-Jacobi mechanical quadrature formula the identity
1 n
[ m@ywayde = 3, Mxin) M(xi) ©)
- k=1

holds for every IT € P,,_; , where xy, = Xzn(W) and A, (x1,) = A, (W, Xea(W)).
Between the zeros of p,(w, x) and the Christoffel function A,(w, x) there exist
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strong connections which are called the Markov-Stieltjes inequalities. They
are

x,

S M) < [ W@ dt < Y M) Q)

k=t+1 -1 k=i

Concerning (1)—~(7) see, e.g., [11]. From the proof of (7) given in [11] it is not
hard to see that we also have

Y (0 End ) < [0 E0w0d < ¥ () M. ©)
k=t

k=i+1 -

For fe C we shall denote by S,(w, f) the nth partial sum of the Fourier
series of f by the polynomials p,(w). Finally, for 1 < p < o we mean by
| Ly(W)lp.00,p and || S,(w)|ly, 0. » the (o0, p) norms of the linear operators L,(w)
and S,(w) considered as mappings from C into C,?.

The main result of this paper is the following

THEOREM 1. Let w ~ w'® and v = uw'®?, where uc is integrable with
some € > 1. For every fe C we have d(L,(W,f),f)sp, = 0 wWhen n— oo
i

(i) max(e, ) < —La=0,b=0,p > 0.

(i) min(a, B) > —13, u is bounded in some neighborhoods of —1 and 1,
a > (a — 3)/4,b > (28 — 3)/4, and

4a+1) 4b+1)
da£1 7 2B+1

0 < p < min 3
(i) o < —% < B, u is bounded in a neighborhood of —1, a =0,
b > (28 — 3)/4, and
0 <p <4+ D2B+1).

(iv) B < —% < «, uis bounded in a neighborhood of 1, a > (2o — 3)/4,
b = 0and
0 <p < 4a+ 1)jQu+ 1).

In order to show that the conditions imposed on p and v are close to the
necessary one we shall also prove

THEOREM 2. (i) Let w &~ w8 and v = uw'®>. Suppose that L,(W,f) —noxf
in C,? for every fe C. If « > —} and u™' is bounded in a neighborhood of 1,
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then necessarily p < 4a + 1)/Q2x + 1) and similarly if B > —% and u™ is
bounded in a neighborhood of —1, then p < 4b + 1)/(28 + 1).

(ii) For every weight w there exist a function f€ C and an integrable v
such that for every p > 0 L,(w, f) does not converge to fin C,*.

To prove these two theorems, first we must investigate some properties of

polynomials p,(w) with w ~ w®®_ Theorems 3 and 4 below may be of some
interest.

LemMA 1. If w ~ wB then

1 1 2041 1 28+1
Aoy 2) = (U= P2+ o) 92 42
Jorix|<l

For the case w = w!*#) this was proved in [14] and for w ~ w(®8) it follows
from the well-known comparison principle (see, e.g., [11]).

LEMMA 2. Let PeP,. Then

»+1 §+1

g oo - ) s

Ix|<1

S

< dnmax | PG (1 — x4 2) (01 -+ xn 4 )

Sfor every real v, 5,

((2a-+1) /2p,(26+1) /2D) 1/p
1 T | PO W O < AP Py,

forr>0,a>—1,8>—1,p>=1and
NP nom oy, < AR P |,

fora>—1,B>—1,p>=1
Lemma 2 was proved by Khalilova [12].

THEOREM 3. Let X3,(Ww) = cos 0,,(w) for k=0,1,.,n-+1, where
Xon(W) = 1 and xn1y y(W) = — 1. If w ~ w8 then Oy, (W) — Op(w) ~ n-1
fork =0,1,.,n

Proaf. By a theorem of Erdds and Turdn {8] it is enough to consider such
values of k& for which | x,,(w)| > £. We shall deal only with the case
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3 << x(w) < 1; the second one can be treated similarly. The proof will
consist of five parts.

1. 6,(w) = O(m™). Suppose 0,,(w) >n-l. Then by the Markov—
Stieltjes inequalities

1
MOaa) = [ty d,

T \W,

that is, by Lemma 1,

AQU) wCe, O — 2,012 > [ i) di

Z15{w0)

and since x,,(w) > % obviously for big values of » we obtain

A1 — X3, (WP = 1 — x5, (W)

2. [0,,(W)I't = O(n). Using the Markov-Stieltjes inequalities we get

M) < [ woa.

Zgn(w
Then by part 1 and Lemma 1

722 Al — x2 (W)

3. [6,,(W)]* = O(n). We have by the Guass-Jacobi mechanical qua-
drature formula that for every m = n

(1 — X100 Mx1a9) = [ (1 = 1) .00, 1) wie) e

m

= Z (1 - ka(w)) llzn(wa ka(w)) Am(ka(w))f

k=1
that is,

(1 - xln(w)) An(xln(w))
> (1= () 3 a9, Wem90) Anem9)
— (1 - x2m(w)) llzn(w’ xlm(w)) Am(xlm(w))

L 2n(W, X1m(W))
= (1= 4 (4)) AnCeaa) 1 — FRTEIEIE A Cxr0)].
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From (3) we get

= 50) 3 (= ) 1 G2

Here, if we put m = gn, where ¢ is big but fixed, and make use of part 1
and Lemma 1 we obtain

1 — x1a(w) = 31 — xem(w))
for n big enough.

4. 0y 1.0(W) — Opu(W) = Om™) for 0 < 0,,,(w) < /3. Since (1 — )w(t) ~
t(1 — 3=+ for 1/10 < ¢ < 1, we obtain from (8)

g (w)

f t(1 — 2>+t dt

h+1,n(1")
< A1 — X3aW)) Aa(ia()) + (1 = X3i1,0(0)) An(Xps1,2(W))]
and by Lemma 1 and part 1

[sin Oy, q, n(W)]22+4 — [sin Oy, (w)]2>+
< (An){fsin B + [8in Oy (W) 249},

Consequently

_ i 2u+3 ;o203
0k+1.n(w) — Orn(w) < % | ol [sm™Pu 4 sin J = 0 (1)

n

su g i
0<u,’0£317/4 | sin?*+4 y — sin2+d p |

5. [Oxs1.a(W) — 81n(W)]t = O(n) for 0 << 0y, (w) < m/3. First we estimate
(d/dx) Ln(w, x) for xpi1.n(W) < x < Xpu(w). Since by (3) [h(w,x) <
An(xpa(w)) A7Y(w, x) we obtain from Lemma 1

—2a~—1
12,0, %) < AN Crnn (1 — 172 4 1) (e
and by Lemma 2

1 )—23—1

n

L Bn, )| < AP Crin0) X520, ) (1 — 00 D) (4 e 4 ));

n
that is, by parts 1 and 4 and Lemma 1,

(d/dx) I}, (w, x)| = O(n - (1 — x3,(W))*/%).

max
X1, (W)X Kxpn (W)

Finally, we observe that 1 = I2,(w, Xza(W)) — L2.(W, Xji1.,(W)) = (Xpa(W) —
xk+1,n(w))(d/dx) Ikzn(wa x*), where x* € [xlc+1,n(w)’ xkn(w)]-

640/18/4-5
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Theorem 3 was already known for the case |a| = |B| = 3}. For a =
B = —#%itwas proved by Erdos and Turan [7] and for the other combinations
of o, B with | « | = | 8| = %, by Freud [10]. In the following we shall need
one important consequence of this theorem which follows immediately from
parts 1 and 4:

COROLLARY. If w ~ w8 then 8 ~ O, (w) for Op,(w) < 0 < 0;pq,,(w)
k=1,2,.,n—1).

THEOREM 4. Let 1 < p < o and let P be a polynomial of degree m <
const n. If w ~ w'*B) then

n 1
3. | POxial)1? Meeaw)) < A [ 1 P@IP wie) .
k=1 -

Proof. By Lemmas 1 and 2 and Theorem 3,

| PP Mxin) < 4 [ | PO wit)

for k =1, 2,...,n and in particular for k = 1 and k = n. To estimate
S | PGein(W))I? Au(X2(W)) let us observe that

T, n(w)

| PGraalw)? < | POP+p [ PO PO di

¢k+1,n(“))

for xp.3..(W) <t < xp_1,.(W), k = 2, 3,..., n — 1. After using the Markov—
Stieltjes inequalities we obtain

3| PCoan)P MCran) <2 [ PO it dr
k=2 -1

Z_1,a

n—1 alw)
+p 3 M) [ PO PO d

Tre+1,n\ 10

It follows from Lemma 1 and Corollary that

An(Xin(W)) ~ (1/m) w(e)(1 — £3)4/2
for xXpi1,n(W) <t < X3_y,(W), kK = 2, 3,..., n — 1. This gives us

Ty, w0

n—1 )
Y. Alxa(w) | | Py | Pt dt
k=2

Tp41,n\W.

S @AM PPN P yarom.aromy >
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which together with Lemma 2 shows that

n—1 1
T 1 POt M) < A [ 1POI wie) .

Forthecasem =n — 1, w = w*®, o > —%, 8 > —1, and also for some
other values of o and B8, Theorem 4 was proved by Askey [1, 2].

THEOREM 5. Ifw ~ w'*® then || L,(W)ly.c0.p < A Spei(W)llw,w,» fOr every
1 < p < o and v integrable on [—1, 1].

Proof. By definition
1

| La(W)llp,c0,p = SUp sup 1L,.(w,f,t)s,f(t) o(t) dt,

irllo=1 llolly g=1 ¥—

where ¢ = p/(p — 1). Now, since L,(w,f) eP,_,, we get
[* Lo, fs 0 8@ 0y dt = [ Lo, £, 1) Sacslo, g0, ) w(e) di

and by the Gauss—Jacobi mechanical quadrature formula and Theorem 4
we obtain

I La(Wllo,0,p < AI Sup || Sp-1(w, 80/Wllw,1 -

9lly,q=1

But
1
| Suns0, g0W)ioa = sup [ Suslw, goie, 1) G(O) wie) de

I1Gllg=1
1

= sup | g(t) Spa(w, G, 1) v(t)dt
1

IGllg=1 ¥~
<118 losa | Spa)lo, 0. -

Proof of Theorem 1. Let first u=1 and p > 1. Since L,(w,P) =P
for every PeP,_, we have only to show that || L,(W)|l,0,, << 4 under
conditions (i)-(iv). But

I Loy, 0,5, < A Lo(Wlly, 0,5,

forl < pl‘ < pg ; consequently we must consider only large values of p. Now
we make use of a result of Badkov [3] by which || S,(W)llue.n, 5., i5 uniformly
bounded innif p > 1 and

20a+1) a-+1

N AN CES T ek
26 + 1) b1

F+1 P S~ @T DD —mndG BT DD’
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where 1/0 means co. Since || S,(W)llp,c0.p < 4| Sa(W)|le.n.» We obtain from
Theorem 5 that || L,(W)|ly.,p << A under conditions (i)~(iv) if p > 1 and
u=1.1f0 < p < 1 we simply use the fact that

d(f, 8)v.p < Ad(f, &), -

The case when u == 1 will be reduced to the case # = 1, which has already
been proved. So let u satisfy the conditions of the theorem. Then (i) is obvious.
Further, in condition (ii)

v < A(uw(r+a.r+b) _|__ w(a,b))

for fixed r > 0. Hence we can find numbers p* = p*(¢) and ¢* = ¢*(p) so
that

AL, W, 1), £)y.p < ALAL, W, ), [yrraimrsns o + AL W, 1)y ) yomr )
Having p* we can choose r = r(p*) so large that

lim d(L, (W, f), fYgesa.rm o = 0.
Thus
lim sup d(L,(w, f), ), , < 4 lim sup d(L, (W, f), f) >, »

n-Hw n-xo

which proves (ii). Similarly, (iii) and (iv) follow from the fact that they are
true for u = 1.

LEMMA 3. Ifw ~ w8 then
WX, (W) Py, X, (W) ~ (1 — XL, (W)
Jork =1,2,..n
Proof. The proof strongly depends on the inequality

| pa(w, X (1 — )72 + (Um)y 3 + X2 + AP R < A4
W wed (x| <1 9

proved by Badkov [3]. Without loss of generality suppose 0 <C xz,(w) < 1.
Let wi(x) = (1 — x) w(x) and expand (1 — x) p,_,(w,, x) into a Fourier
series in the polynomials p,(w, x). It is not hard to sec that

(=) P = % [ (1= 1) ps s 1) pals, 1) wie) di i, )

k=n-1
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and consequently

(I = Xpn(W)) Proi(Ws 5 Xea(W)) = YnaW)/¥na(W1)) Prca(Ws Xin(W))-
Since w, &~ w'*t1.#) we obtain from Theorem 3 and (9)
w(x,,, (W) pi_ 0w, x,,, (W) < AL — x,,, (W) 2Ly, (W), L 0D
By a well-known theorem of Szegb (see [15, Theorem 12.7.1]) we have

dt
T

lim y”‘l(( W) _ exp 3—— ~—f log(1 — = /2,

20 Ypq w)

Thus the inequality
w(x,,, (W) ph_ (W, x, (W) < A(1 — x3, ()2
is proved. On the other hand by (4) and (5)

Yna(W) _ 1
'}’n( ) An(xkn(w)) pﬂ—l(w: xkn(w)) - pn/(w, xkn(w))

and using Lemma 1 and Theorem 3 we obtain
Dy, (W) P2 _, 0w, X, (W)

< A0 ) [, P

Since y,_,(w) < y.(w) we have only to show that
| Pa' (W, Xen(W))] Wie/2H314B12E310 (5, (W) << An,

but this follows immediately from Lemma 2, Theorem 3, and (9).

LEMMA 4. Let w ~ w'*#, Then
}pn(H’, x)l < A Z | lkn(w’ X)[
k=1

Jor | x| < 1. Furthermore, for o > —

n

IPn(Wa 1)] ~ Z | Ikn(w9 1)]

k=1
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and for B > —}%
!pn(w’ —1)| ~ Z | lkn(w, —1)|
k=1

Proof. By Lemma 3 | p,_,(w, xp,(W))| ~ 1 for x;,(w)e[c,d]C(—1,1).
Thus

n

Z | lkn(w, X)| > A(Vn-1(W)/7n(W)) !pn(w’ X)f Z )‘n(xkn(w))‘

k=1 cTpp(w)d

By the above-mentioned ‘Szegd theorem, lim,, (v, (W)/y.(w)) = % and by
the Markov-Stieltjes inequalities

Y Alxaa(w) = 4 - fd w(t) dt.

<Py (W) <A

To prove the second part of the lemma we should show that

l pn—l(" xkn(w))l
Z )‘n(xkn(w)) (W) == A

for « > —% and

< | Paa(W, Xza(W))]
kgl An(xlc1l(""')) 1 1_{_ Xy, 7‘(”) S < 4

for B > —3. Consider the first inequality. Clearly it is enough to prove that

Z Aa(Xen(W)) |p n1(Ws Xien(W))| <A

0z w) <1 — Xga(W)

By Lemmas 1 and 3 and Theorem 3 this is equivalent to

1 [1 — x2 (wW)]e/2-1/4 = ! [sin 8 (W)]* 12 < 4.
kn

Dy () <1 B o<ty wrgn /2

But we get from Theorem 3 that sin 6,,(w) ~ k/n.
Thus
L Y, [sin Oy (w12 ~ gtz Y k172 o

1 oco, (o) 2 k=1

if o > —4%.
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EEMMA 5. Leta> —1,8 > —1,1>8 =0, p > 0 be fixed. Then for
every PeP,

Py < Anw2 | PP (L~ 1 di

and

| P(=DIP < ne2 [ | PP (L4 1P

Proof. It is enough to prove the first inequality. Since P =
L, ,(w'=3/4—3/4 P) we obtain from (5), (9), and Theorem 3

n+1
| P()l < 4 max .| PO n1A Y Xyg (g (w314 —319))
= k=1

DA B, (9B
1 — Xp "+1(w(—3/4.—3/4)) ’

that is, by Lemmas 1 and 3 and Theorem 3
n+1

—5/4 — (~8/4,—3/4)y]-5/8
max .| P(x)|n ’; [T — Xinialw )]

PO <4,

<A max | P(x).

x| <1—7]n?

Now by Lemma 2
1
| PO)I? < An [ | P()|P (1 — 12,
-1
Substitute tMP((1 — 8) ¢2 -+ 8) here for P(t), where M is a natural integer.
Then
1
| P()|? < A(n + M)2m+2j | P(1)|7(t — S)Mr-D/2
&

X (1 - t)a dt - (1 — 8)(1—Mp)/2)—zx‘

Now, let M be fixed but more than p-1.

Proof of Theorem 2. (i) Consider the case when « > —3}. Let {¢,} be a
sequence of linear functionals from C to R defined by the formula

‘P’n(f) = log n[p,(w, D] L,(w, f; 1).
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By Lemma 4 || ¢, || ~ log n and using the Banach-Steinhaus theorem we see
that there exists a function f; € C such that ¢,(f,) - 0 when » —> co. Thus

Pa,(W, 1) < Alogn, | L, (w, fy, 1) (10)

for a function f; € C and a suitable sequence {n,}. Let j < n and compare
p;(w, 1) and p,(w, 1). We have by (5)

_ V(W) -
Pj(W, 1) - _’)’—n(_wjﬂ Pn(W, ]) kgl )\n(xkn(w))

X Pi(W, Xin(W)) Prcy(W, Xan(WD[1 — Xpa(W)] 2

Since y,_1(w) C y,(w) we obtain from Lemmas 1 and 3, Theorem 3, and (9)
that

pw, 1) < Ap,(w, 1) kfjl 1 — x2 (w)]1/2
and again using Theorem 3,
pi(w, 1) < A log npy(w, 1).
From this, (2), and (10),
Aasw, 1) < An(logn)* | L, (w, fo, DI (11)

By the hypothesis of the theorem we have for a suitable ¢ < 1
1
[ 1Law, fos D120 — 1) < 45

that is, by Lemma 5,
| La(w, fo, 1| < An?e1)/2, 12)

It follows from Lemma 1, (11), and (12) that
n2at? < A(log n )t n{i+@ae+b /o),

Thus
og A -+ 4loglogn, i 4a+1)

<<
Zat 1< Tog n, 7.

Letting v — oo we obtain p < 4(a + 1)/(2x + 1).
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(ii) Suppose that there exists a weight w such that for every fe C and
integrable v there is a p > 0 with d(L,(w, f), f)y., — 0 when n — co. This
means that

fl | La(w, £, D) o) dt < A4
1

independently of n. Hence by the Banach—Steinhaus theorem
1
sup | [ L0, f, DIP v(1) dt < 4
veC Y1
fell=1

that is, | L.(w, f)llc < 4 for every fe C, which is impossible.
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